In this work, we extend previous analyses of the structure formation in the f ( −1 R) model of nonlocal gravity proposed by Deser and Woodard (DW), which reproduces the background expansion of ΛCDM with no need of a cosmological constant nor of any dimensional constant beside Newton's one. A previous analysis based on redshift-space distortions (RSD) data concluded that the model was ruled out. In this work we revisit the issue and find that, when recast in a localized model, the DW model is not ruled out and actually gives a better fit to RSD data than ΛCDM. At the same time, the model predicts a slightly lower value of σ8 than ΛCDM, in agreement with recent estimates based on lensing. We also produce analytical approximations of the two modified gravity functions and of f σ8(z) as a function of redshift. Finally, we also show how much the fit depends on initial conditions when these are generalized with respect to a standard matter-dominated era.
We also make one step further and relax the model-dependent assumptions implicit in previous works concerning the initial conditions for the perturbation equation in the matter era. More precisely, we allow the two initial conditions for the linear growth equation to vary (as opposed to fixing them to their standard CDM values). As we will show, however, this improves the fit only marginally.
Throughout the paper, we work in flat space and natural units, i.e. units such that c = = 1.
II. THE MODEL
In Ref. [9] the authors proposed a model in which the Einstein-Hilbert action is nonlocally modified as
where the nonlocal distortion function f is a free function of the inverse d'Alembertian acting on the Ricci scalar, −1 R. Since this combination is dimensionless, the Lagrangian does not introduce any new energy scale. Variation of (1) with respect to the metric g µν yields the modified Einstein equations,
which in a Friedman-Lemaître-Robertson-Walker (FLRW) background
can be written as
Here, the tensor ∆G µν corresponds to the nonlocal contribution and is given, for the FLRW metric, by the following expressions [9] ,
where ρ and p are respectively the energy density and pressure of a perfect fluid. From now on, a comma next to f represents a derivative of the function w.r.t its argument. Equations (5-6) can be localized by introducing the auxiliary variables X and U defined as
With the use of the auxiliary functions X and U , Eqs. (5-6) can be rewritten as
The DW model has been shown to be capable of reproducing the background evolution given by ΛCDM with Ω M ≈ 0.28 [18] by fixing the nonlocal function to
with Y ≡ X + 16.5. This choice fully determines the model and no more free parameters are left.
The dependence of the nonlocal modification on X is suggested by quantum radiative corrections [19] and is triggered mainly at the end of the radiation domination era (since R = 0 during radiation domination), with a slow evolution afterwards. The interesting question arises then, whether the DW model that gives the same background evolution as ΛCDM, produces also the same behavior at perturbation level. The answer is no, and in the following sections we will see why is it so.
It is useful to write down modified Einstein equations (2) as well as auxiliary field equations (7-8) through e-folding time N = ln a
and
where ξ ≡ H /H, Ω M and Ω R are the matter and radiation fractional densities, respectively. We will use these equations later.
III. PERTURBATION EQUATIONS
In this section, we introduce the linear scalar perturbation equations for the DW model. Our method of getting perturbation equations is similar to one implemented in Ref. [11] and the results are consistent up to some conventions. Here, we work in the Newtonian gauge, in which scalar perturbations of the metric are given by
We expand the auxiliary fields as X + δX and U + δU . In general for the anisotropic fluid in the first order of perturbation we have
Here we write the pressure perturbation δp as δp = c 2 s δρ, where c 2 s is the sound speed of the perfect fluid. The density contrast δ is defined as δρ/ρ and v i is the peculiar velocity field. In the case where the matter content consists of radiation and non-relativistic matter, we have a vanishing anisotropic stress tensor Σ i j 0. Below we will write down the linearly perturbed field equations δ (G 00 + ∆G 00 ) = 8πGδT 00 ,
in Fourier space. The first order perturbation of the (00) component of Friedman equations is given by the following expression:
δT 00 = ρδ (25) where the prime stands for derivative with respect to e-folding time, ln a. In the following equations we often put ourselves in the sub-horizon limit ( k/aH 1). To do this, we assume that Φ, Ψ, δU, δX, k −2 δ, and their ln a derivatives, are all of the same order (as indeed can be verified a posteriori) and systematically take the limit of large k/aH. For the (ij) component, after contracting it with the projecting operator ( k
where σ represents the anisotropic stress, and where δ∆G ij in the sub-horizon limit is
where D ij and δD ij , also in the sub-horizon limit, are respectively
Now to complete the set of equations we need also to perturb Eqs. (7) (8) . We get δX + (3 + ξ) δX +k 2 (δX + 2Ψ + 4Φ) − 2Ψ(X + 3X + ξX + 6 + 6ξ) (30) −Ψ (X + 6) + 3Φ X + 6Φ + 6 (4 + ξ) Φ = 0
wherek = k/aH. Moving to the sub-horizon limit we find, for the (00) component,
For the (ij) component, after acting with the projection operator, we have
At late times, when the relativistic contribution is small, we can neglect the contribution coming from the anisotropic stress, σ ≈ 0. So we get
Eqs. (30) (31) reduce to
From the covariant conservation law of the energy-momentum tensor, ∇ µ T µν = 0, we get finally the following equations for the matter density perturbation δ M in the sub-horizon limit:
In order to solve this equation we need to find an expression for Ψ. This can be done by combining Eqs. (32) (33) (34) and Eqs. (35) (36) . After simple algebraic manipulations we find for the modified gravity function η and for the potentials Ψ and Φ the following expressions:
Finally, by plugging the expression for Ψ from Eq. (39) into Eq. (37), we obtain the k-independent growth equation
In order to solve numerically Eqs. (7-8), we set the following initial conditions deep inside radiation-dominated period (N in = lna * in = −16):
In Ref. [20] it was argued that these initial conditions force the homogenous solutions of the localized model to vanish, rendering it equivalent to the nonlocal versions of the DW model. For the growth equation (37), the initial conditions deep into the matter era are taken to be as in pure CDM
where the initial scale factor a in is taken at redshift z in = 9. In the next section we generalize the initial conditions. The numerical results for the anisotropic stress η and the growth rate f σ Table F 2 -column S 8 ), contrary to ΛCDM. See also [16] .
Our results differ significatively from those in [21] , in which f σ 8 (z) lies above the ΛCDM curve, although we agree with their results at the background level. We have not been able to point out the reasons for this discrepancy. One could conjecture it might be due to the fact we are solving a localized version of the model in which the solution depend on the initial conditions on δX, δU , which in the sub-horizon limit are not free quantities but depend on Φ, Ψ, and therefore on δ M . However, the quasi-static solution is the attractor solution for large k, so it is unlikely that the discrepancy depends on the localization procedure or the quasi-static approximation. Our expression (35) is indeed different from the corresponding quasi-static non-local expression Eq. (29) in [14] , but the two expressions coincide asymptotically in time in the limit in which Ψ, Φ are weakly time-dependent with respect to the rapidly varying sinusoidal function in the integrand for large k, conditions that are met in the quasi-static limit. It is still possible that the disagreement is due to the asymptotic equivalence between the local and non-local quasi-static limits not having been reached by the present time.
The behavior of η can be approximated with an analytic fit of the form: A 3 a 3 + A 2 a 2 + A 0 , where A 3 , A 2 and A 0 are free parameters. We find the following best fit results with a percentage error up to 2% for the quantity 1 + η in the range z ∈ (0, 5): {A 3 , A 2 , A 0 } = {−0.54, 1.79, 0.95} (see Figure 1 , left panel). We have also checked the ghost-freeness condition for the localized theory derived in Ref. [11] 6f,
to an interesting cosmology. In the case of tensor-scalar theories it has been shown that the appearance of a ghost mode in the theory's spectrum will lead to a situation where the effective gravitational constant G eff (in units of G Newton ) defined as
will become negative [23] . From Figure 2 , left panel, we indeed see that Y is always negative when the non-local contributions are non negligible. This explains why the perturbations grow more slowly than in ΛCDM. We see that G eff goes negative near the present epoch. This however is only true in our linear approximation. Near non-linear structures, one must assume the existence of a screening mechanism in order to pass local gravity constraints, so that within the screening radius, standard gravity is recovered. This issue has been already discussed in Ref. [20] and we refer to that paper for further information. As it was done for the case of η, the behaviors of Y and f σ 8 (z) can be approximated with analytical fits of the polynomial form 
IV. SOUND SPEED
In order to ascertain that the quasi-static approximation is valid, one has to ensure the absence of gradient instabilities, i.e. whether the sign of the sound-speed of the perturbative-quantities δX and δU is positive. To do this, we rewrite Eqs. (30) (31) in the following way:
keeping now the derivatives of δX, δU , but still neglecting Ψ, Φ and their derivatives with respect tok 2 Ψ,k 2 Φ. Now from Eqs. (32) (33) (34) in the case of vacuum (δ = σ = 0) we find that Table I . Up-to-date RSD measurements from various sources. These are the points shown in Fig. (1) and Fig. (4) .
So, by inserting Eq. (48) into Eqs. (46-47) we get finally
and δU + 3δU +k 2 δU = 3f,k 2 (f, δX + δU )
We can combine these two equations and write them in a matrix form
where S ij is a two by two matrix, defined as
and X i are the components of the vector X = (δX, δU ). If S is positive-definite, the perturbative quantities δX and δU have a positive sound-speed independent of the propagation direction. An arbitrary matrix A is called positive-definite when it has only positive eigenvalues. The eigenvalues of the matrix S are
As mentioned in the previous section, for the DW model one has (1+f +U ) > 0. On the other hand from the violation of the ghost-free condition (44) we have that (6f, −f − U − 1) < 0. Under these two conditions both eigenvalues of the matrix S are always positive and so the matrix S is positive-definite. Here, we conclude that the quasi-static approximation is a valid one, which means that the solution based on this approximation is an attractor one and any solution of Eqs. (30) (31) should approach it at some point. In Ref. [11] , the same procedure is carried out in the Einstein frame, with the same result.
V. MODEL-INDEPENDENT CONSTRAINTS
Eq. (37) is a second order differential equation for the density contrast δ M and, in order to solve it, we need to specify two initial conditions. The typical choice corresponds to a standard cosmology dominated by pressureless matter at high redshifts, in which δ M ∼ a. Namely, one assumes
where a in is some arbitrary initial value of the scale factor a outside the range of redshift for which we have observations, say at redshift z = 9. These initial conditions, however, depend on several assumptions about the past: they require, in fact, that matter dominates (Ω M = 1), that matter is pressureless, that any decaying mode has been suppressed, and that gravity is Einsteinian. Broadly speaking, there is very little direct proof for any of these assumptions. Let us consider for instance two analytical toy models. In the first, one can imagine that there is a fraction Ω h of a homogeneously distributed component along with matter in the past, just like in models of Early Dark Energy (except we are not requiring this component to lead to acceleration at the present). Then the growth of fluctuation obeys the equation
with
In this case, the growth exponent is no longer δ M ∼ a 1 but rather ∼ a p where
Therefore, if for instance Ω h = 0.05, a value consistent with the analysis in [35] the total growth from z CM B ≈ 1100 to z 0 = 0 is smaller than the corresponding pure CDM one (we are neglecting here the final accelerated epoch) by a factor
So the existence of a small non-vanishing homogeneous component would produce a value of σ 8 which would be 0.8 times smaller than the Planck ΛCDM value. The second analytical toy case comes from the simplest Brans-Dicke model, parametrized by the Brans-Dicke coupling parameter ω. In such a case in fact one has during the matter era
rather than unity. If the Brans-Dicke gravity is universal and unscreened, then ω 1 because of local gravity constraints, and one recovers the standard initial condition. But if the scalar force is not universal and baryons are uncoupled or, alternatively, if the force is screened by a chameleon-like mechanism, then δ M /δ M can deviate substantially from standard.
These two toy models show that if one wants to test modified gravity, and not also at the same time the entire CDM paradigm, then one needs to isolate the effects of modified gravity from those that depend on different assumptions. The simplest way to do so is to introduce then two new parameters that correspond to the two initial values of the growth equation (55) and marginalize the likelihood over them. Instead of δ M (a in ) we adopt the present normalization σ 0 8 as first parameter, and
as second free parameter. It is worth mentioning that our approach is of course not completely model independent, in the sense that we still assume that the matter content in the observational range is given by a pressureless perfect fluid and is conserved. The quantity of interest in this paper is the RSD observable, also called growth rate:
with the amplitude of fluctuations σ 8 (z) defined as
The current value of the amplitude of fluctuations σ 0 8 is estimated through e.g. weak lensing [36] , the cosmic microwave background power spectrum [37] or cluster abundances [38] . In all these cases the estimate depends, in general, on the choice of a gravity theory. As a consequence the current value of σ 0 8 is highly model-dependent. 
VI. LIKELIHOOD ANALYSIS
Assuming that σ 0 8 and α can take any value for modified gravity models, it is of interest to see how the growth rate f σ 8 (z) behaves, in terms of agreement with data, when we allow those two parameters to vary. In what follows we always fix Ω M = 0.3 for simplicity.
In general, the likelihood function of a given model (represented by the parameter vector Θ) with respect to some data is given by
Here, D and T are respectively the data and theory vectors, C is the covariance matrix and A is a normalization constant. The vector D contains the measurements of the observable quantity (in our case, the growth rate f σ 8 (z)) for each point (i.e. each redshift value) and T represents the corresponding predictions for that observable. When the data points are independent, χ 2 takes the form
so the likelihood function may be replaced by the simpler expression
In (64), d i and t i are respectively the elements of D and T , and σ i is the error associated to the measurement d i . We assume our data points (taken from [27] ) to be independent and thus use (63, 64). We choose to integrate the equation for density perturbations (37) from the redshift z in = 9. The results of the fits are shown in Table II, In Figure (4) we show the growth rate given by the three analysis and by ΛCDM. Figure 4 . The growth rate f σ8(z) for ΛCDM and the three best-fit cases for the DW model. The data points are collected in Table I .
VII. CONCLUSION
In this work, we have extended the analysis performed in [21] regarding the predictions of RSD given by the DW model of nonlocal gravity. We have found that the localized version of the theory is not ruled out by the RSD data, as was the case for the previous analysis, and actually leads to a better agreement than the standard ΛCDM cosmology. Ultimately, this behavior is due to the violation of the ghost-free condition. In Ref. [39] it has been argued that the existence of ghosts in non-local theories does not necessarily rule out the model since the ghost mode is actually "frozen" due to fixed boundary conditions imposed on the model. Interestingly, the predicted value σ 8 = 0.78 for Ω −0.038 ) based on lensing, see e.g. [16, 17] . We have also investigated how much the fit improves when we generalize the initial conditions of the growth rate function, and we find that the improvement is just marginal.
Our perturbation results do not agree with the analysis in [21] , who integrated numerically the equations in their nonlocal form. This could be due to an intrinsic difference between the nonlocal and the localized versions of the DW model, for instance in the way the quasi-static limit is performed. Unfortunately, we have been unable to point out the reason for this discrepancy, notwithstanding extended testing. In any case, we believe the localized version of the DW theory gives interesting predictions on linear perturbation level and deserves further consideration.
